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1. Using the method of characteristics, solve the Cauchy problem(3/20) 
ut + xux = u2, x ∈ R, t > 0,

u(x, 0) =
1

1 + x2
, x ∈ R,

indicating the largest time interval where the solution is defined.

2. Let Ω ⊂ RN be a connected bounded open set, and suppose that u ∈ C2(Ω) ∩ C(Ω) is
superharmonic in Ω, that is, suppose that ∆u ≤ 0 in Ω.

(a) Show that(2/20)

u(x) ≥ 1

|∂Br|

∫
∂Br(x)

u(y)dσ(y)

for all x ∈ Ω and all r > 0 such that Br(x) ⊂ Ω.

(b) Conclude that minx∈Ω u(x) = minx∈∂Ω u(x).(1/20)

3. Let Ω ⊂ RN be a connected bounded open set with C1 boundary, and let f ∈ C2(Ω).(3/20)
Consider the initial boundary value problem

ut −∆u = 0, x ∈ Ω, t > 0,

u(x, 0) = f(x), x ∈ Ω,

u(x, t) = 0, x ∈ ∂Ω, t > 0.

Use the L2 energy

E(t) =
1

2

∫
Ω
u2(x, t) dx

to prove that there exists at most one classical solution

u ∈ C2,1(Ω× [0,∞)).



4. Consider the tempered distribution T ∈ S ′(R) given by

〈T, ϕ〉S′×S =

∫
R

ϕ(x)− ϕ(0)

x
dx.

(a) Show that xT = 1.(1/20)

(b) Show that(2/20)
T̂ = −2iπH(ξ) + C

for some constant C ∈ C, where H denotes the Heaviside function. You may use
without proof the fact that distributions whose derivative vanishes are represented
by constant functions.

5. Decide whether each statement is true or false, and explain why.

(a) If f ∈ H1(R3) then f ∈ L6(R3).(1/20)

(b) The function f(x) =
|x|

1
2

1 + x2
is in W 1,1(R).(1/20)

(c) If f ∈ L1(R) and g(x) =

∫ x

−∞
f(t) dt is also in L1(R) then g ∈W 1,1(R).(1/20)

6. Consider the boundary value problem−2
∂2u

∂x2
− 2

∂2u

∂x∂y
− 3

∂2u

∂y2
+ u = f in Ω,

(2ux + uy)x+ (ux + 3uy)y = g on ∂Ω,

where Ω ⊂ R2 is the open unit ball centered at the origin, f ∈ L2(Ω), and g ∈ L2(∂Ω).

(a) Show that the weak formulation of the problem is: find u ∈ H1(Ω) such that(2/20)

B(u, v) = φ(v) ∀ v ∈ H1(Ω),

where

B(u, v) =

∫
Ω

(2uxvx + uxvy + uyvx + 3uyvy + uv) dx dy

and

φ(v) =

∫
Ω
fv +

∫
∂Ω
gv.

(b) Use the trace theorem to show that φ is a continuous linear functional on H1(Ω).(1/20)

(c) Use the Lax–Milgram theorem to prove that the problem admits a unique weak(2/20)
solution.


