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I.Introduction

Lately we have witnessed a growing interest both in the in-
terpretation of multidimensional models from the point of view
of four-dimensional space-time (dimensional reduction) /1-6/,
and in the development of methods of finding classicel solu-
tions of multidimensional Einstein-Yang-Mills (EYM) equations,
corresponding to the factorized structure of space-time:

E = M4xK,where M4 is the Minkowski space-time and K is e com~
pact "internal" space with a size of the Plank's length. In the
theory of spontaneous compactification (SC) such solutions are
treated as vacua of the multidimensional theory /7-15/.

Recently an interesting link between dimensional reduction
and SC, was discovered /8-10,13/. It consists in the fact that,
on one hend, solutions of EYM equations can be interpreted in
four dimensions and, on the other hand, multidimensional back~-
ground gauge flelds leading to SC are easily obtained from cer-
tain solutions of the reduced theory (the extrema of the scalar
fields potential) /8-14/.

So far the majority of papers on these subjects (especially
in SC theory) utilized symmetric coset spaces S/E as internal
spaces K. The reason is that the Elnstein part of SC equations
for symmetric coset spaces is trivially satistied.

However it is of lnterest to investigete the general case
of coset apaces /13-17/. In the present paper we extend the
results obtained by other authors, with the use of a "normal"

metric on S/R /13,15/, by taking-the most general form of an
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S-invariant metric which gives us a possibility of obtaining a
considerably wider set of compactifying solutions. The normal
metric is the metric obtained by one parameter rescaling of a
vielbein (see /13,18/) or equivalently is the metric proportio-
nal - at the "origin" of S/R (i.e. the coset [EJ-R) - to the
restriction of the Killing form in JP:-Lie(S) to the second
term in the reductive decomposition¥=R@M R =Lie(R)/19/.

This paper is organized as follows. In sect.2 we introduce
notations and discuss the link between coset space dimensional
reduction (CSDR) scheme and SC theory. In sect.3 we show that
Einstein equation in the SC theory is equivalent to a set of
nonlinear algebraic equations for the parameters {H} which
define the Riemannian geometry of S/R. If one restricts oneself
to the normal metrics on S/R these equations are equivalent to
those found in /13,15/. In the last section we apply the deve-
loped theory to searching and analysing different solutions
leading to spontaneous compactification of extra dimensions to
six-dimensional non-symmetric space SO(5)/SU(2)x U(1). In
addition to the solution with the normel metric and the gauge
group G=R=SU(2) X U(1 )found in /15/, we find new 8olutions for
& model discussed in /16/. It turns out that in this case there
exiet no solutions with the normal metric. In this model, as
was shown in /16/, the spontaneous symmetry breaking in the
reduced theory occurs only for a subset of invariant metrics on
80(5)/5U(2)x U(1 ) (In /17/ another model was found with the
same properties). The solutions of the SC equations correspond
to this subset, i.e. dynamics imposes a spontaneoud eymmetry

breaking.
In the following, the space symmetry group and the gauge

group G are supposed to be compact simple Lie groups,

2. CSDR Scheme and the SC Equations

We start from the standard EYM action for a coupled system
of gravity and gauge fields in 4+d - dimensional space-time

\S = S"“"?e -+ $r2v (1Q)
where |

Spuge =5, | "2 Vg (A, 77y (1b)

Mw?

guvzija/"dz/:}—{7 R—/\}, (1¢)

767 k
here M=0,...,3+4d, k and e are 4+d - dimensional gravitational

and gauge constants, /\ is the cosmological constant and ¢ ,)
denotes the canonical invariant scalar product in the Lie
algebra &;-Lie(c) (for the sake of definiteness both ¢ , ) 8nd
the canonical scalar product on Cf -(,), are normalized so that
the squares of the longest roots, with respect to them, equal
2).

le is usual in the SC theory, we look for solutions of
multidimensional EYM equations corresponding to the following
factorisation of the space-time E:E<M'X S/R with a metric of
the type g= r(@l (where v =diag(-1,1,1,1) is the Minkowski
metric and b’ is a metric on S/R).

If we now make the ansatz A,‘ =0 and A, =/4¢ (y) for
the gauge fields (here 2”:(1:’:}‘},#-0,1.2,3 and olel,...,d)
we get from the EYM equations the SC equations

R =—“’Z,"<’L;,y;5'}- (21)

xp

Ut [A, F]=0. (2 5)



For the solutions of (2) to be solutions of EYM equations

we have to choose A in (1C) to be equal to

N=A1f 8et){luy , g D0 Y™

Let us restrict ourselves to S - symmetric solutions U;P
and Ay of SC equations. As 18 usual in CSDR scheme the S -
symmetry of the theory means that physical observables are in-
variant under the action of S, i.e., X remains invariant,
whereas Ax undergoes a gauge transformation /1,2/.

The S-gymmetry turne out to be very important in solving
SC equations, because, in the class of S-symmetric fields, this
very complicated set of nonlinear differential equations is
equivalent to a set of nonlinear algebraic equations. This is
because S-gymmetry enables us to solve SC equations at one
point 306 S/R and then to extend the solutions to the whole
S/R.

The aim of SC theory is to find solutions of EYM equations
which could be interpreted as vacuum expectation values of the

bosonic fields g and AM

G (T ) <A oh);

Therefore S-gsymmetry of the fields is naturally required

by the space homogeneity of vacuum solutions.

Besides finding solutions of (2) various physical proper-
ties of these solutions, for example, stability under classical
fluctuations /8,14,20/, are analysed in literature. Below we
will propose, in agreement with /8,13/, a physical classifica-

tion for SC solutions.

*

It appears that the CSDR scheme is very useful in finding
and interpreting S-symmetric solutions of (2b) ./8=-13/. Let
us summarize for later convenience the main aspects of this
scheme when applied to the dimensional reduction of pure gauge
theories. It is well known /1,2,21/ that every S-symmetric
gauge field A,(x,4) on ¥*X 8/R defines a homomorphism T :
R — G. Moreover, this field is in a one-to-one correspondence
with a pair of objects on M4:(Kf‘(x)’ ¢(~I)S where A}(x)
is a gauge field with the gauge group H, H= geG, gt(r)g'l=
=T(?) for all Z2e R} (i.e. the centralizer of T(R) in G) and

¢p(x)is, for all x e MA, a linear mapping ¢(x): M- ‘9
pertinent to the scalar fields on M4 and satisfying the const-

raints
AdTcr)o Bx) =F(x)oAd2 , for alt e R,  (3)

which are a reminder of the S-symmetry of AM‘ Conversely AM
can be reconstructed from {KP(I),(ﬁ(x)} as follows. Let 6(yeS
be representatives in cosets o’(y)R (i.e. a local section in
the principal fibre bundle 8 —» S/R). The Cartan 1 ~form on
S/R is defined as the pull back of the canonical left invariant

form on the group 8
e, = oy doty), (4a)
e :’7\:“7;+7""7; —w +~ 6 (4s)

where{-f;\jz{-r;_ )T.m] , Ta € Q N T,..GJ‘( is an

orthonormal basis fory: (TA ,T—B) =- SAB . Then

T2 ad I ad 7, =- GFad) S, (5)

S
C;(Ad) being the eigenvalue of the quadratic Casimir of S
2 g



C
in the adjoint representation, and the structure constants CAB
are totally antisymmetric and real in this basis.

The S-symmetric gauge field corresponding to {Aﬁ(x),cﬁ(x)}

has the form

Ay = A.(x) dx’+ TC) + B (8,). (6)

Here we designate the homomorphism of the Lie algebra Q to
9 induced by T : R —> G with the same letter. Using the
properties of Aﬁ,f) ¢ and the definition (4), it is easy

to prove that the field Am(x,wdefined by (6) is really
S-symmetric. With the help of the Maurer-Cartan equations for
e; /14,21/ we evaluate the field strength of A"»#

fop (%, )= /:_,(xv = Sﬁﬁypo_ 9,,73«(:@ +/74;(x),,2?:(x37,(7a)
FraCe, =T Tl fnti= T "o () L P ()5 (7b)
F';P (I,y): %W,(})Tmp (}) F’mu [x)-_—_ ) (¥C)
:ﬁ:“:‘(v)?kﬁ{v){[¢"" “)) ¢-\(x)]" C’"’"‘- 2;. "‘Crnn. ¢k(x)} ]

where .D,,. P (X) = 8,~¢..,(x)+ [Zr(x), Bea] 5 Ta =T(Ta)

and @, (X)= (cb(.x))( Tom) -
For S-symmetric A,., and S-invariant metric g ( 3’""‘: const)

the Lagrangian in (1b) does not depend on y and therefore
integrating over it we get a four-dimensional action of a mini-

Ind
mally coupled Yang-Mills-Higge system for the pair {AP ) ¢}

§png LIRS ATE P4 200 V) "2V @)  6)
where Vol(S/R)Mis the volume of S/R, and V (§ ) 1s a quartic

self-interaction potential

V() ==  Fomny Fetd YUY (9)

defined with the help of (7C).

*

~s

If we now put the ansatz used in (2), A/.: 0 and 3N¢=0
in%o(8),we obtain the effective action Serp=V(P ) with cons-
traints (3) for S-symmetric solutions of (2b) (in agreement
with the fact that extrema in the clags of S-symmetric fields
are extrema in the class of all fields /22/). This important
method of obtaining solutions of (2b) was developed in /8-14/,
and it gives us an algorithm to find solutions of SC equations.

stepl. Find all linearly independent solutions of(3) gb‘ (by
utilizing Schur's lemma) and introduce the unconstrained gcalar
fields {f} H ¢= ¢Lf£ . Express the general S-invariant
metric b’ on S/R as function of a set of parameters {M}
with dimension of mass (similar to the components (P'm , the
S-symmetry does not allow the components b/_mn to be independent
(see next section)). The SC equations transform into equations
for these two sets {f} and {M}

step 2. Find an extremum of V( {3, {M} ), taking {u]

as constants

Y= {8 ()

Substitute this value and Ar‘:o in (6) and obtain a solution of
(2b) for the metric X( {H} ). '

Different methods of finding extrema of V have been stu-
died in literature /5,13/. We will assume that these extrema
are known to us (in the simpler cases they can be found trivial-~
ly (see sect.4)). For a more detailed analysis of step 2. see
/8=14/,

Step 3. Put  Y({u]) ena {}m}({M}) into (2a). The
number of equations coincides with the number of unknown para-

meters {M} (sce next section).



Therefore if X([M“"}) is a solution of equation (2a).

the solution of SC equations is given by
Ay = T () + £5([1]) $(6y),
y = v M),

Notice that {f]::Oé% ¢==O is almost always an extremum

of the potential, More precisely,it was shown in /14/ that for
¢_—.Onot to be an extremum of V, it is necessary that there
exist representations in ad92 and ad?&yi) equivalent to each
other, where adﬂ(/“o denotes the representation of Jq{ in M
induced by the commutation relaticns of Cf) . For symmetric
spaces S/R ¢E:O is a2 local meximum and thus the potential
leads to spontaneous symmetry breaking of the reduced theory
/6,14/. If we choose 95”{:0 the steps 4. and 2. are carried
out trivially.

If we have two solutione of (2), the one corresponding to
the absolute minimum of V (@ ) (Higgs vacuum) and the other
corresponding to another extremum, then we can expect that the
second is not stable with respect to the first one /8,14/.

In /8/ the solutions corresponding to the absolute minimum were
called stable compactifying EYM solutions. We shall denote them

by SCS while the solutions which are not SCS will be denoted
by NSCS.

Recall that, for a given model (i.e. for a given triple
[5/R,6,T]), SCS may not exist. An example is the case when T
can be extended to a homomorphism of S to G. Besides not having
SCS, models with such T do not lead to chiral fermions after
the dimensional reduction procedure /2,23/.

If the isotropy group R is simple, it is not easy to find

physically interesting models with homomorphism T which cannot

8

be extended. In /6/ with the use of non-regular embeddings T (EK)c
=G models [S/R=Sn=SO(n+1)/SO(n) , T, SU(nj+m)] with nonvanishing
v.e,v. of the potential and thus with SCS /12/ were found.

In the case of nonsimple R there exist an easy way of

preventing I from being extended to a homomorphism of S. Let

A
and (R‘- C()o (i.e. A;:(?(’L;),t’{*zi»/('z;’”z‘.) for all
2P F O

be the ratios of the indices of the embeddings T (Q;)c%

and 7,6 R, =lie (R;), where R; ave ideals
inﬂ ). For T to be extended to a homomorphism of § it is neces-
sary that all A; are equal to each other. It was shown in /3/,
for 5/R= € P™ =su(m+1)/50(m) X U(L) and 8/R=G, o (IR )=
= S0(m+2)/30(m) x S0(2) and for a wide class of classical simple
Lie groups G, that there are interesting Higgs models with

)194 ’-{z and ?herefore with SCS. Another possibility is to
utilize a non injective homomorphism T/17/. Formally this situa-
tion corresponds to the vanighing of some indices /1[ . Expli-
cit formulae for multldimensional 5CS in local coordinates were
derived in /10/.

Notice that an SCS may not lead to spontaneous symmetry
breaking in the reduced theory. Indeed it is known that for
non-symmetric spaces {f}:o can be the absolute minimum of
¥ /14,16,17/ and thus for such SCS no symmetry breaklag oecurs.
Since these two situations are very different physically, we will
distinguish the 3SCS leading to spontaneous symmetry breaking
( §8sCS) from the others (NSBSCS). Thereby we come to the fol=-

lowing classification of solutions of SC equations

NVSCS
s NSBSCS

SCS 1 sgscs ,
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3. The Einstein Equation

The S-symmetry of J’m,, and /4,,., implies that the Ricci ten-
sor R»mn (K), the tensor @ma(¥,A):=— (ch, F. )
as well as y,,,,, are S-invariant symmetric tensors of the second
rank. It is a common knowledge in differential geometry /19,21/
that the set of S-invariant symmetric tensors of the second
rank on S/R is in a one-to-one correspondence with the set of
AdR-inveriant bilinear symmetric forms on M. This correspon-
dence is established irn the following way. The fundamental vec-

tor fields generated by T are defined as: KA(V):fte"P(TAf)Wf:o-

A
These vector fields are Killing vectors for any ‘S-invariant

D ~,
metric()’ . Besides we have [KA >KB]:—CA8 KD . If b’

is an S~invariant tensor, then the Adk~invariant form B corres-

ponding to it is given by

BT, T\ )=y (Km, K. . (10)

In (10) the point Y= O denotes the coset [e] of S/R.

The decomposition of Killing vectors Kﬁ(y) with respect
to the basis {T—m(})] (dual to the basis of 1-forms {Th(‘j)}
defined in (4b)) at each point y depends, of course, on the
section 0 and can be found in /18/. We choose G(0)=€¢ S
in order to have Am (o) = 7:—:,(0) for all m=1,...,d and thus
~ o~ ~ ~
b (Ko, K=o (T , T = F e

The decomposition of AdR(J-(.) into irreducible representa-

tions of R can be writter in the form
r N[‘!)

Ad R M Z.}__ v (1a)

~

M(a 2
M=D M , (11b)

2=1 p=g

10

(D)
where the representations {‘f" }P— are all equivalent
while Y’J‘f and Y’q'olare nonequivalent for Z#7'.

The set of S~invariant symmetric tensors of the second
rank forms a linear space of dimensicn N=Zi: Nz(r)(Nz(r)+‘1 y/2e
/19/. Although up to now we used the rule ’;f summation over
repeated indices in the following we will not be able to keep
to it, According to (11l) we introduce composite indices
m=(i,rp) in AL and choose an orthonormal btasis T“-,q,,o) for J‘(,
so as Tuﬂ,,)::: —T-(-,;'-,,,’,) (with respect to AO(,R(-/%) ). Then
the S-invariance ylelds that X, asiiag) Ro(‘.‘,LF,q?,,%
and Q°(Z,4f)(f)°?‘ are proportional to 'tj PN . If the
corresponding coefficiente of proportionality for blo,m"
are given

Xocc 1/)(1 s«,,) - I/M"Hf) 8"“ 8 (12Q)
those for R ,mn and Qowmn can be evalueted

Ro(c’,’l.p)(",g7) = R}."W({M}) 61; 6," » (12b)

Qou‘,anz,‘,sq\ = Q’l,pty(‘.’\ﬂ,{f'lj 8«:&3‘, ('\ lC)

and the Einstein equation (2a) reduces to

Rap = (4T k/€) Qapy . (13)
Let us now find the explicit dependence of Ra,", ) Q«I,u’,
and V on{l‘l} « The presence of equivalent representations in
(11) leads in (13) to a set of corplicated nonlinear matrix
equations for the matrices ”'1//\4,. ” 1/Ma . For the
sake of simplicity we restrict ourselves to the case N2(r)- 1
for all re.
The formula for the Ricci tensor at the proint ¥y=0 in the

basis of Killing vectors {Km} reads /24/

11



é‘;’(q/z)y [(1/2)5"],,,. n,.C..,,.,C,,,",,.— (1l+)
o Cr G| = S 012 ConCT =) CELC

In accordance with (5) the two last terus in the r.h.s.

S
of (14) are equal to (1/2) Cz (Ad) Smn
Using (123) we transform (14) to

2 S
Raingor = Z (1/2) Dl g it - Db (v ) 8.8, (15)

2'50a 1
G's’) s’
‘l
where D,,.,;.,,lj,) = § C““(('q') chs)li"l’) * .
o§ 1
In the particular case of a normal metric, i.e. Mo = M

for all r= { ,...,N, (15) transforms to the corresponding formu-

lae given in ref /13,15/.
Utilizing (6), (12a) and the definition of Q we find

~
2
Qa(mg.ﬂ = 4: M, Fecivcg
=1
1'1‘)

-t(:‘l)(zs)— Z<[¢n1) ’¢(r¢] ZC(ttJ(Kt)t Z tiankt) Yoy,

st (@e)
)

[¢qs); ¢(kt)]£ ys)xe) [ ‘2_‘ C?;:)(xt) ¢’l'~’>

Introducing the totally symmetric quantities

nl’l)

Di. =) [\

c=f

)
?tq :g ?f(ﬂn(iﬂ) )

, and (8), (12) and (15) we obtain for

UVANR) >

N n
where n(r) = dim A
Rr’ Qr and V the expressions

R,=( 1/2““,)2 DH{M.,M.' _ %} + (4/2)Cf(AoL), (11a)

2igi=1

12

Qq-‘—‘- (1/n/f/’l7)g Mj q/.r—z “JZD ’ (1 1 b)
VD=2 MM % ({4]) - (17¢)

From (17a) and (17b) it can be shown that if we search in
(13) only for solutions corresponding to the normal metric and
G=R then this equation reduces tc equation (4) of ref, /15/.
Obyiously if the normal metric is not a solution of (13) then
equation (4) of ref /15/ has no solution, while (13) in prin-
ciple always has a solution.

If Mi are solutions of (13) then the dimensionless quan-
tities /¢§.=Mf,(wrk/e') are solutions of (13) with YT K/€*=1,

Let us introduce a simplifying vector notation

:[/\4.'1’...,ﬂ;},ﬁ:zgR,,...>R~] and d::{Q”...,QN}GlQN.

The dimensionless equation (13) takes the form
-> —
R(V)=Q V) . (18)

The number of equations in (18) can be reduced from N to

- -
N~ 1 . Actually let p € |RN1 be a solution of

Lt = Q1 ({ 1)/-30 R‘U'({BFD—R1({1’§])Qt+1({1>ﬁl)= O/ (1 o))
defined by 7;:))' {1>§},
is a solution of (18)

where t=1,...,N=1 . Then ;)’e /RN
where ¥, = PL,({’,FD/Q,({‘I,P])
and every physically meaningful solution (){ .;&D) can be obtai-

ned in this way.

In conclusion we analyse different variants of spontaneous
compactification of extrs dimensions to a six-dimensional non-

-symmetric space frequently used in literature

4. Non-Symmetric Space S/R=S0(5)/5U(2)x U(1)
The embedding R=SU(2)X U(1)=5=50(5) is defined by the
branching rule
13



AdSOGW suampny = 3(0)+ 1 (0) +2 (1) +;(—7)+(
20
+1(2)+ 12). )

. Using (12a) we define the general form of a SO(5) invariant

metric

Koua)(js) = (”/ fo )‘Sq S’LS y 2,§=21,2 @)

and choose in (11) ¥7a2(1)+2(-1 ) and Y’2= 1(2)+ 1(-2).
Thus in (21) 1,3=1,2,3,4 when r=s=1 (n(l)=4) and i,j = 1,2

when r=8=2 (n(2)=2).
Prom (17a) we find the quantities Rr corresponding to the

metric (21)

R.‘: J - M?/ZM: )
(22)

1

R, = 2 + M:’/ZM: .

Now we are ready to study various possibilities of sponta-
neous compactification into S0(5)/SU(2)X U(4 ) which are induced
by different background gauge fields (@"*) in different mo-
dels [T,6] .

Piret we briefly recall the model discussed in /15/ with
G=SU(2)xU(1). We find that

Qou'nqn: 2 M: SLJ' S’LS ) (-23)

2
i.e. @=2M, and thus the equation (19) takes the form

2
(6 +p+1)(p-1 =0 . (24)
The only sclution of (24) 1s p=1 , which corresponds to the
solution in the form of normal metric found in /15/.
If we enlarge G this solution will not in general be

stable and therefore it is worthwile to find another mcdels

with SCS.
14

We shall consider now the interesting model proposed within

the framework of CSDR acheme in /16/.
Let G=SU(5) and T(SU(2)x U(1 )) be defined by the branching

rule

ASUSI T (suzyx iy = 3 (00 + 1(0) + 3 2(1) +

+32(-1)+ 8 1(0) .

To find new CS we shall follow the algorithm proposed in

8ect.2 using at the same time some results of /16/.

Step.1. The solutione % constraints (3) form a socalar
triplet £ of the gauge group of the reduced theory H =
-CsU(5)(T(SU(2)xU(1)))=SU(3)XU(1)-

Step 2. For the calculation of both rotenticrl and Q/z
we have to find the quantities 7,4, . Notice that ?4s can

be easily calculated (see /17/) with the help of 1arpings similar

to those introduced in /6/. The result is

%, = 3/H -84+ 36/5

?’12_=?z4=2/.](/l s ('2'5)

9., = 12/5.

Using (17b), (17¢) and (25) we find _
Qu= MMl - (2-pr2) 1417+ 8/5] s (26a)
Q=rmf N eB/sT s @6b)
Vo= MBI - i epy 14 G2/5 ) (3484)], 26

= M2 /2
where P -Nz/M, - Our result (26c) differs slightly from the

15



corresponding fornula (15) of ref /16/. In /16/ the tern of the
2
zeroth order in ]fl is the following: M,“ (6/5) (.3+2ﬁ > .
We see that if B> 2, the potential (26c) has the absolute

minimum at £Y8%= O and no other extrema exist. If $< 2, the

absolute minimum is attained at the points satisfying
lf '"11:(2/3)(2-}5) with positive v.e.v. of the potential

whereas fext-o ie a local maximum of V.

It is interesting to find out how the dynamics (i.e. equa-
tion (19)) enswers the guestion whether the spontaneous sym-
metry breaking occurs ( p(l) or not ( B)/l ). Notice that in
principle both cases can be realized if for |f“!!2=(2_/3)(2-p)
we get P(2 and for £°xt_0o B2 (i such a case both so-
lutions would be SCS,the first being SBSCS and the second

NSBSCS).
Equation (19) for £8%*. 0 reads
122 -14p* -3 = 0. (27
The only real solution of (27) is approximately equal to
p~ 1.312 ),
and thus a solution of (2) is given by (6) and (21) with
A=¢ =0,
MZ o~ 1.455 (E/4TK), (29)

M: ~ 1.909 (€/4TK) .
Por l)e“tlz :(2/3)(2—?) we have

Bp+8Up -30p-7= 0 . (39

16

The only positive solution of (30) is

B=1/2, (31)

and the solution of (2) corresponding to it is given by (6)
and (21) with

~

A= O

g=3 £ , 1f°= 1,
M::(S/‘z)(ez/“nk)
ME =(5/8) (e ym k).

Prom (28) amd (3I) we see that both solutions (29) amd (32)

(32)

are of symmetry breaking type (P < 2); (29) 1s a NSCS and (32)
1s a SBSCS.
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