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Late ly  we have witnessed a  growing i n t e r e s t  both in t h e  in- 

t e r p r e t a t i o n  o f  mul t id imens iona l  models from t h e  p o h t  of view 

of four-dimensional space-time (dimensional  r e d u c t i o n )  /1-6/, 

and in t h e  development of methods of  f i n d i n g  c l a s s i c a l  s o l u -  

t i o n s  o f  mul t id imens iona l  Einstein-Yang-Mills (EYM) e q u a t i o n s ,  

corresponding t o  t h e  f a c t o r i z e d  s t r u c t u r e  of space-time: 

E = d l r ~ , w h e r e  dl is t h e  Minkowski space-time and K is  e  com- 

pact  " i n t e r n a l w  space  wi th  a  s i z e  of t h e  P lank ' s  length.  I n  the  

theory  of  spontaneous c o m p a c t i f i c a t i o n  (SC) such  o o l u t i o n s  a r e  

t r e a t e d  eE vacua o f  t h e  mul t id imens iona l  theory  /7-15/. 

Recent ly a n  i n t e r e s t i n g  l i n k  between dimensional  r e d u c t i o n  

and SC, was d iacovered  /8-10,13/. It c o n s i s t o  i n  t h e  f a c t  t h a t ,  

on one hand, s o l u t i o n s  of EYM equa t ions  can be i n t e r p r e t e d  i n  

f o u r  dimensions and,  on t h e  o t h e r  hand, mult idirnensional  beck- 

ground gauge f i e l d s  l e a d i n g  t o  SC a r e  e a s i l y  ob ta ined  from c e r -  

t a i n  s o l u t i o n s  o f  t h e  reduced t h e o r y  ( t h e  extreine of t h e  s c a l a r  

f i e l d s  p o t e n t i a l )  /8-14/. 

So f a r  t h e  m a j o r i t y  o f  papers  on t h e s e  6 u b j e c t s  ( e s p e c i a l l y  

i n  SC theory)  u t i l i z e d  symmetric coee t  spaces  S/b a s  i n t e r n a l  

spaces  K. The reason  is t h a t  t h e  E i n s t e i n  par t  o f  SC e q u a t i o n s  

f o r  symmetric coee t  spaces  l o  t r i v i a l l y  s a t i e i ' i e d .  

However i t  is  o f  i n t e r e s t  t o  i n v e s t i g a t e  t h e  g e n e r a l  c a s e  

of  cose t  s p a c e s  /13-17/. I n  t h e  p resen t  paper we extend t h e  

r e s u l t s  ob ta ined  by o t h e r  a u t h o r s ,  wi th  t h e  use o f  a  "normal" 

m e t r i c  on S/R /13,15/,  by t a k i n g .  t h e  most g e n e r a l  form of  an 



S-invariant  me t r i c  which g ivee  ue a  p o s s i b i l i t y  of  obtain- a  

cons iderab ly  wider e e t  of compactifying eo lu t ions .  The normal 

metr ic  is t h e  met r ic  obtained by one parameter r e e c a l i n g  of a 

v i e l b e i n  ( s e e  /13,18/) o r  equ iva l en t l y  i e  t he  met r ic  propor t io -  

n a l  - a t  t h e  "o r i g in "  of S/R (1.e. t h e  coeet  [el&) - t o  t he  

r e e t r i c t i o n  of t h e  K i l l i n g  form i n  y : - ~ i e ( ~ )  t o  t h e  eecond 

term i n  t h e  r educ t i ve   decomposition^=%& ,R =Lie(R)/19/. 

Thie paper  is organized aQ fol lows.  I n  sec t .2  we i n t roduce  

no t a t i on8  and d i s cuas  t he  l i n k  between cose t  epace dimensional  

reduc t ion  (CSDR) echeme and SC theory.  I n  e ec t . 3  we show t h a t  

E i n s t e i n  equa t i on  Fn t h e  SC theo ry  is equiva len t  t o  a  e e t  o f  

non l i nea r  a l g e b r a i c  equa t ions  f o r  t h e  paramet e r e  (YI) which 

de f i ne  t h e  RieI'tIa~iaZI geometry of S/R. I f  one r e s t r i c t s  onese l f  

t o  t he  normal rnetr ica on S/R t he se  equa t ions  a r e  equiva len t  t o  

thoae found i n  /13,15/. I n  t h e  l a s t  e ec t i on  we apply t h e  deve- 

loped t heo ry  t o  search ing  and s n i l y 8 i n g  d i f f e r e n t  eo lu t i one  

l e ad ing  t o  spontaneous compac t i f i c a t i on  of  e x t r a  dimensions t o  

mix-dimensional non-symmetric space S0(5)/SU(2) x U( 1 ) . I n  

a d d i t i o n  t o  t h e  s o l u t i o n  wi th  t h e  normal me t r i c  and t h e  gauge 

group G=R=SU(2) X U( 1 )found in /15/, we f i nd  new e o l u t i o n s  f o r  

a  podel d i scussed  i n  /16/. It t u r n e  out t h a t  i n  t h i e  caee t h e r e  

e x i s t  no ~ o l u t i o n e  with t h e  normal metr ic .  I n  t h i e  model, a s  

wae shown in /16/ ,  t h e  epontaneous aymmetry breaking i n  t he  

reduced t heo ry  occurs  only f o r  a  eubeet of i n v a r i a n t  - t r a ce  on 

SO(S)/SU(Z)x U( 1 ) ( I n  /17/ ano the r  model was found with- t h e  

eame p r o p e r t i e s ) .  The s o l u t i o n s  of t h e  SC e q u a t i o m  oorreepond 

t o  t h i e  eubee t ,  1.e. dyn'amics impose8 a epontaneourr eymmetry 

breaking. 

I n  t h e  fo l lowing ,  t h e  epace egmmetry group and t h e  gauge 

group G a r e  supposed t o  be compact elmple Lie groupe. 

2. CSDR Sohme and t h e  SC Equatione 

We s t a r t  from t h e  s tandard  E Y M  a c t i o n  f o r  a  coupled system 

of g r a v i t y  and gauge f i e l d s  i n  4+d - dlmensional space-time 

where - 

here  &0,...,3+d, k and e a r e  4+d - dimensional g r a v i t a t i o n a l  

and gauge cone tan te ,  A i e  t h e  coemological cons tan t  and ( ,) 
denotes t h e  canonica l  i n v a r i a n t  s c a l a r  product i n  t h e  Lie 

a l geb re  f a - ~ i e ( G )  ( f o r  t h e  eake of d e f i n i t e n e s s  both ( , > and 

t h e  canooica l  s c a l a r  product on -(  ,) , a r e  normalized s o  t h a t  

t h e  squares  of t h e  longes t  r o o t s ,  with respec t  t o  them, equal  

2). 

A8 i 8  ueual  i n  t h e  SC theo ry ,  we look f o r  s o l u t i o n s  of 

mult idimeneional  F X M  equa t i ons  corresponding t o  t h e  fo l lowing  * 

f a c t o r i s a t i o n  o f  t h e  space-time E : & M ~ X  S/R wi th  a  me t r i c  of 

t h e  type g= (where = d i a g ( - l , l , l , l )  is t h e  Minkowski 

met r ic  and 8 i e  a  me t r i c  on S/R). 

I f  we now make t h e  anea t z  A,,, =O and A, =A, I#)  f o r  

t h e  gauge f i e l d s  ( he r e  ~ ~ = ( ~ < f ) , f = o , l , 2 , 3  and & -1,. . . ,d )  

we g e t  f r o m  t h e  EYLI equa t ione  t h e  SC equa t ions  



For the  so lu t ions  of (2 )  t o  be so lu t ions  of EYY equations 

we have t o  choose /\ in (1C) t o  be equal t o  

Let us r e s t r i c t  ourselves t o  S  - symmetric so lu t ions  6dP 
and & of SC equations. Ae is  ueual Fn CSDR scheme the  S  - 
symmetry of t he  theory means t h a t  physical  obeervables a re  in-  

var iant  under the  ac t ion  of S, i .e . ,  remains invar iant .  

whereas Aa undergoes a  gauge transformation /1,2/. 

The S-symmetry tu rns  out t o  be very Important in solv ing 

SC equations,  because. i n  t he  c l a s s  of S-symmetric f i e l d s ,  t h i s  

very complicated s e t  of nonl inear  d i f f e r e n t i a l  equations is  

equivalent t o  a s e t  of nonl inear  a lgebra ic  equations. This  is 

because S-symmetry enables us t o  so lve  SC equations a t  one 

point E S/R and then t o  extend t h e  so lu t ions  t o  the  whole 
V o  

S/R. 

The aim of SC theory i s  t o  f ind  so lu t ions  of EYM equntions 

which could be in terpre ted  a s  vacuum expectat ion values of t he  

bosonic f i e l d s  g  and A,,, 

Therefore S-symmetry of t he  f i e l d s  is  n a t u r a l l y  required 

by the space homogeneity of vacuum solut ions .  

Beeidea f ind ing  so lu t ions  of ( 2 )  var ious  physical  proper- 

t i e s  of these  so lu t ions ,  f o r  example, s t a b i l i t y  under c l a s s i c a l  

f luc tuat iona  /8,14,20/. a r e  analysed in l i t e r a t u r e .  Below we 

w i l l  propoae, i n  agreement with /8,13/, a  phys ica l  c l a se i f i ca -  

t i o n  f o r  SC solu t ions .  

It appears t ha t  the  CSDR scheme is very useful  i n  f inding 

and i n t e r p r e t i n g  S-symmetric so lu t ions  of (2b) ,/a-13/. Let 

u s  summarize f o r  l a t e r  convenienc'e the  main aspects  of t h i s  

scheme when applied t o  the  dimensional reduction of pure gauge 

theor ies .  It is well  known /1,2,21/ t ha t  every S-symmetric 

gauge f i e l d  AN(%,#) on MIX 8/R def ines  a  homornorphis. C : 
R --? C. Moreover, t h i s  f i e l d  is i n  a o n e - t m e  correapondence 

w 

with a  p a i r  of  ob jec t s  on b I 4 : ( % ( l ) ,  $b(x)] where A r ( l )  
is a  gauge f i e l d  with the  gauge group H ,  H= g .E G ,  ~ ( r ) ~ - ' =  

3 
I 

=Z(?) f o r  311 P E R  ( i . e .  t h e  c e n t r a l i z e r  of Z(R,)  i n  G )  and 

@(x)is ,  f o r  a l l  x  e  d, a  l i n e a r  mapping $(z) : + 3 
per t inent  t o  t h e  s c a l a r  f i e l d 8  on d and s a t i s f y i n g  the  const- 

r a i n t s  

which a re  a  reminder of the S-ey,metry of AM. Conversely A, - 
can be reconstructed from ( A ~ ( X ) , @ ( X ) ]  a s  follows. Let 6(#).5,5 

be repreeenta t ives  i n  cose ts  d ($R (1.e. a  l o c a l  s ec t ion  i n  

the p r inc ipa l  f i b r e  bundle 9 3 S/R). The Cartan 7 -form on 

S/R is defined a s  the  p u l l  back of the  canonical  l e f t  invar iant  

fonn on the  group S 

e, = aij) d sty) . (4 a) 

e = T a ~ + 7 m ~ z ~ + e ,  (4 6 )  

w h e n { x ] = [ ~ ,  , J,] , ~ , r  9 , T- is an 

orthonormal b a e i e f o r y :  ( ( T A , < ) = - & A a  . Then 

( 5 )  

C ; ( A ~ )  being the  eigenvalue of t he  quadra t ic  Caslmir of S  



C 
i n  t h e  a d j o i n t  r e p r e s e n t a t  i o n ,  and t h e  s t r u c t u r e  c o n s t a n t s  CAB 
a r e  t o t a l l y  ant isymmetr ic  and r e a l  i n  t h i s  b a s i s .  

The S-symmetric gauge f i e l d  corresponding t o  { zp(1)) $(X I ]  

h a s  t h e  form 

- 2 ( X ) ~ X ' +  T r y )  + ~ C X )  (e,). (6) A x,,y - p 

Here r e  d e s i g n a t e  t h e  holonorphlsm of  t h e  Lie a l g e b r a  9 t o  

$j induced by T : R 3 C w i t h  t h e  same l e t t e r .  Using t h e  
h 

p r o p e r t i e s  of A r , r ,  @ and t h e  d e f i n i t i o n  ( 4 ) .  i t  is easy 

t o  prove t h a t  t h e  f i e l d  AN{x,lf)defined by ( 6 )  is r e a l l y  

S-symmetric. With t h e  h e l p  of t h e  %urer-Cartan equa t ions  f o r  

e /14,21/ we e v a l u a t e  t h e  f i e l d  s t r e n g t h  o f  A m , y  .Y 

N N 

Cp ( 5 , ~ ) '  ~ ~ ~ ( 2 )  Tip (2) F m n  (XI= 
K 

= ~ 5 u i 7 . ; r r 1 { ~ ~ w ~ > ,  p~- , ] -  cf n zh -La $JL(x)f 7 

w h e n  p- = ar p,(*)+ [xP(x)7 Q1(xg , T~ = (T*) 
and Pm (XI = kb(x))[ T,,,) . 

F o r  S-symmetric An and S- invar ian t  m e t r i c  g  ( b/m,= c o n s t )  

t h e  Lagrangian i n  ( l b )  does n o t  depend on 2 and t h e r e f o r e  

i n t e g r a t i n g  o v e r  it we g e t  a  four-dimensional  a c t i o n  o f  a mini- 

mally coupled Yang-Mills-Hlggs system f o r  t h e  p a i r  {xp , $} 

where Vol(S/R) is  t h e  volume o f  S/R, and V ($  ) is a q u a r t i c  

s e l f - i n t e r a c t i o n  p o t e n t i a l  

v(+)=- <&, , 6 ~ > ~ " * ~ " ' .  
defined w i t h  t h e  h e l p  of  ( 7 C ) .  

- 
I f  we now put t h e  a n a a t z  used i n  ( 2 ) .  Ar= 0 and a,.+ 6 = 0 

i n t o ( 8 ) * w e  o b t a i n  t h e  e f f e c t i v e  a c t i o n  seff=V(@ ) with  cons- 

t r a i n t s  ( 3 )  f o r  S-symmetric s o l u t i o n s  of (2b)  ( i n  agreement 

wi th  t h e  f a c t  t h a t  extrema i n  t h e  c l a s s  of  S-symmetric f i e l d s  

a r e  extrema Fn t h e  c l a s s  o f  a l l  f i e l d s  /22/).  T h i s  important  

method of o b t a i n i n g  s o l u t i o n s  of  ( 2 b )  was developed in /8-14/, 

and i t  g i v e s  us an a lgor i thm t o  f i n d  s o l u t i o n s  of SC equa t ions .  
L s t e p  1. Find a l l  l i n e a r l y  independent s o l u t i o n s  of(3) $I fby 

u t i l i z i n g  S c h u r 9 s  lemma) and i n t r o d u c e  t h e  unconstrained s c a l a r  

f l e l d e  { f ]  : $h= q L ~  . Exxprese t h e  g e n e r a l  S- invar ian t  

m e t r i c  on S/R a s  f u n c t i o n  of a  s e t  of  parameters  (163 
wi th  dimension o f  mass ( s i m i l a r  t o  t h e  components qrn , t h e  

S-symmetry does not  a l low t h e  components rmn t o  be independent 

( s e e  next  e e c t i o n ) )  . The SC e q u a t i o n s  t r a n s f o r m  i n t o  e q u a t i o n s  

f o r  t h e s e  two s e t s  {f ] and {MI 
S t e p  2. Find an extremum o f  V( if) . {MI ) , t a k i n g  , 

a s  c o n s t a n t s  

Substitute t h i s  va lue  and A p = O  i n  ( 6 )  and o b t a i n  a  s o l u t i o n  of 

( 2 b )  f o r  t h e  m e t r i c  x( \MI ). 

D i f f e r e n t  methods of f i n d i n g  extrerr.a of  V have been s t u -  

d i e d  i n  l i t e r a t u r e  /5,13/. We w i l l  assume t h a t  t h e s e  extrema 

a r e  known t o  us  ( i n  t h e  s i m p l e r  c a s e s  t h e y  can be found t r i v i a l -  

l y  ( s e e  s e c t . 4 ) ) .  F o r  a  more d e t a i l e d  a n a l y s i s  of  s t e p  2. s e e  

/8-14/. 

S t e p  3. Put J({b!]) and {J" ' } ( {M})  i n t o  ( 2 a ) .  The 

number of  e q u a t i o n s  c o i n c i d e s  wi th  t h e  number of  unknown para- 

mete rs  {hl] ( s e e  next  s e c t i o n ) .  



Therefore i f  is a so lu t ion  of equation (2a). 

the  s0lut iOn Of SC equations is giver, by 

- 
Notice t h a t  [f]= O# $ =  0 is almost always an extremum 

of the  po ten t i a l .  More p r e c i s e l y , i t  was shown i n  / 1 4 / t h a t  f o r  

# J = ~ n o t  t o  be an extremum of V ,  i t  i s  necessary t h a t  t h e r e  

e x i s t  r ep re sen ta t i ons  i n  a d 9  and ad%@) equivalent  t o  each 

o the r ,  where ad5?(U) denotes t he  r ep re sen ta t i on  of % i n A  

induced by the  commutation r e l a t i c n s  of 3 . For symqetric 

spaces S/R # = o  is a l oca l  mexirnun and thus  t h e  p o t e n t i a l  

leads  t o  spontaneous symmetry breaking of t h e  reduced theory 

/6,14/. I f  we choose ped= 0 t he  s t e p s  1. and 2. a r e  ca r r i ed  

out t r i v i a l l y .  

Ii we have two  solution^ of ( 2) , t he  one corresponding t o  

t h e  absolu te  minimum of V ( @  ) (Higgs vacuum) m d  t h e  o the r  

corresponding t o  another  extremum, then  we can expect t h a t  the  

second is not  s t a b l e  with respect  t o  t he  f i r s t  one /8,14/. 

I n  /8/ the  so lu t ions  corresponding t o  t h e  abso lu t e  minimum were 

ca l l ed  s t a b l e  compactifying EYM solu t ions .  We s h a l l  denote them 

by SCS while the  so lu t ions  which a r e  not  SCS w i l l  be denoted 

by NSCS. 

Recal l  t h a t ,  f o r  a  given model ( i .e .  f o r  a  given t r i p l e  

~ /R ,G ,z ]  ) , SCS may not  e x i s t .  An example is t h e  case when < 
can be extended t o  a homomorphism of S t o  C. Besides not  having 

SCS, models wi th  such do not  lead t o  c h i r a l  fermions a f t e r  

t h e  dimensional reduction procedure /2,23/. 

I f  t he  i so t ropy  group R i s  simple, i t  is  not easy t o  f i nd  

phys ica l ly  i n t e r e s t i n g  models with homomorphism 'l: which O W O ~  

be extended. I n  /6/ with t he  use of non-regular embeddir~gs r ( f i ) c  

c C  models [ s / R = s ~ = s o ( ~ + ~ ) / s o ( ~ )  , 2 ,  SU( nj+m)] with nonvanishing 

v.e.v. of t h e  po ten t i a l  and thus  a i t h  SCS /12/ were found. 

I n  t h e  ca se  of  nonsimple R t h e r e  e x i s t  an easy way of 

preventing from being extended t o  a homomorphism of S. Let 

l i  be t h e  r a t i o e  of t he  indloem of the  embeddings 'C (9;)cY 
and Ri ~4 (1.e. Ai = (T(~L),T(2i))/(?i, 3) f o r  a l l  

2; : 2, # 0 and ?;E q = ~ i e  (Ri), where R; a ~ e  i d e a l s  

in 9 1. Eor r t o  be extended t o  a homomorphism of S i t  is neces- 

sary  t h a t  a l l  Ai a r e  equal  t o  each other.  It was shown i n  / 3 / ,  
m 

f o r  SIR= C P =SU(m+l)/SU(m)k U ( 1 )  and S/R=G2,m+2( IR )=  

= SO(m+2)/SO(m)%S0(2) and f o r  a  wide c l a s e  of c l a s s i c a l  simple 

Lie groups C ,  t h a t  t he re  a r e  i n t e r e s t i n g  Higgs modele with 

# A, and therefore  with SCS. Another p o s s i b i l i t y  is t o  

u t i l i z e  a non i n j e c t i v e  homomorphism~/17/. Formally t h i s  s i t ua -  

t i o n  corresponds t o  the  vanish ing  of some indicem Ai . Expli- 

c i t  formulae f o r  mukidimensional SCS i n  l o c a l  coordina tes  were 

derived i n  / lo/ .  
Notice t h a t  a n  SCS may not  lead t o  spontaneous symmetry 

breaking i n  t h e  reduced theory. Indeed i t  is known t h a t  f o r  

non-symmetric apace6 { f ]  = 0 can be the absolu te  minimum of 

V /14,16,17/ and thus  f o r  such SCS no symmetry breaking ooo-e. 

Binor them. two s i t u a t i o u  a r e  ve ry  d i f t e r m t  p h J s i o d l ~ ,  we rill 

d ie t ingu i sh  t h e  SCS leading t o  spontaneous symmetry breaking 

( SSCS)  from t h e  o there  (IVSBSCS). Thereby we come t o  the  f o l -  

lowing c l a s s i f i c a t i o n  of  so lu t ions  of SC equat ions  

NSCS 
NSBScS 



3. The E i n s t e i n  Equat ion 

The S-symmetry of  i,,,,, and A, impl ies  t h a t  t h e  R i c c i  t en-  

s o r  /?,, ( 4 ) )  t h e  t e n s o r  Q m r ( f ) ~ )  := - ( F,(, F. ') 9 

a s  well  a s  x,,, a r e  S-invax.innt s y r m e t r i c  t e n s o r s  of  t h e  second 

rank. It is a  common k n o w l e d ~ e  i n  B i f f c r e r t i a l  geometry /19,21/ 

t h a t  t h e  s e t  of  S - i n v a r i a r ~ t  syrr~rnetx.ic t e n s o r s  of t h e  second 

ronk on S/R is i n  a  one-to-one correspondence with t h e  s e t  of  

AdH-inveriant b i l i n e a r  s y m e t r i c  forms on A. This  correupon- 

dence is e s t a b l i s h e d  i n  t h e  fo l loming  way. The fundamental vec- 

t o r  f i e l d s  genera ted  by T a r e  def ined  a s :  KA(y) =$telp(<t) y/tso. A 
These v e c t o r  f i e l d s  a r e  K i l l i n e  v e c t o r s  f o r  any , S - i ~ v a r i a n t  

met r ic  , . Besides we h ~ v e  [K,, ) K ~ ]  =- c*: KD . I f  8 - 
is  a n  S- invar ian t  t e n s o r ,  t h e n  t h e  AdR-invari an t  form B c o r r e s -  

ponding t o  i t  is g iven  by 

I n  (10)  t h e  p o i n t  ;1= 0 denotes  t h e  coset  re] of S/R. 

The decomposition of  K i l l i n g  v e c t o r s  K A ( v )  with r e s p e c t  

t o  t h e  bas i s  {Tm(y)) ( d u a l  t c  t h e  basta  of 1-forms {Tm(y)] 
def ined  i n  ( 4 b ) )  a t  each po in t  2 depends, o f  course,  on t h e  

s e c t i o n  d and can be found i n  /18/. We choose d(o)= e E S 
Y 

i n o r d e r t o h ~ v e  K m ( o ) = G ( o )  f o r a l l m = i , .  . . , d a n d t h u s  

The decomposition of A ~ R ( A )  i n t o  i r r e d u c i b l e  reyresen ta -  

t i o n s  o f  R  can be w r i t t e ~  i n  t h e  fonn 

4 4l-5) 

AdR& =TZ * = +  f = r  Y " ,  

%(*I 
hhere t h e   representation^ [ Y ' ~ ] ~ ,  I r e  all equiva len t  

while  y*' 2nd y21P1are nonequivalent  f o r  * + - I .  

The s e t  o f  S- invar ian t  svmmetric t e n s o r s  of  t h e  second 
N 

rank forms a  l i n e a r  sppce of dimension N=z N 2 ( r ) ( N 2 ( r ) + 1  ) / 2  
7 -  l 

/19/. Although up t o  now we used t h e  r u l e  of  su:nmation over  

repea ted  indioes i n  t h e  f o l l o w i n g  we w i l l  not be a b l e  t o  keep 

t o  i t .  According t o  ( 1 1 )  we in t roduce  composite i n d i o e s  

m = ( i , r p )  i n  and choose an orthonormal b a s i s  T(i,'~p) f o r  -/Y. 

s o  a s  xi,ZPl % T i , 2 + )  ( w i t h  respec t  t o  AdR(&) ) . Then 

t h e  s - invar iunce  y i e l d s  t h a t  Joti,.rIi)..tl , R . , , . , q ( d , A 9 )  

d  Q , ,  Ere p r o p o r t i o n a l  t o  Sij  S*,, . ~f  t h e  

corresponding c o e f f i c i e n t c  of j ) r o p o r t i o n a l i t y  f o r  fomn 

t h o s e  f o r  Re,,,,, and Q o m ,  can be vfalueted 

Re, i,*pl(j,s7) = R ( ' q s  'ij * (1 2 b) 

Q i f  = Q*,P( ( ('I, ( f 1) '*Jid, 

~ n d  t h e  E i n s t e i n  equa t ion  (2a)  reduces  t o  

R %,P% (q 3) 
Let  u s  now f i n d  t h e  e x p l i c i t  dependence of R*lIy , Q+,PLL 

and V o n b ]  . The presence of e q u i v a l e n t  r e p r e s e n t n t i o n a  i n  

( I ? )  l e a d s  i n  (13)  t o  a  s e t  of c o n p l i c a t e d  n o n l i n e a r  mat r ix  

e q u a t i o n s  f o r  t h e  m a t r i c e s  1 :: ~ / f l : , ~  . For t h e  

sake  of s i m p l i c i t y  we r e s t r i c t  o u r s e l v e s  t o  t h e  c a s e  N2(r)= f 

f o r  a l l  r. 

I The f o r n ~ u l a  f o r  t h e  R i c c i  t e n s o r  a t  t h e  r.oint j = O  
i n  t h e  

I b a s i s  of  K i l l i n g  v e c t o r s  {K,] real is  /24/ 










