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Outlook and Problem Description
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A) Problem description.
B) Basic theorem and facts.
C) Numerical schemes.

D) Further directions and related problems
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(A) Problems description
Two Models in spatial segregation:

m Adjacent segregation: Particles annihilate on contact, common
surface of separation.
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(A) Problems description
Two Models in spatial segregation:

m Adjacent segregation: Particles annihilate on contact, common
surface of separation.

m At Distance: Species interact at a distance from each other.

More complex geometric problem: Recent work by L. Caffarelli,
S. Partrizi, V. Quitalo, [CPQ]
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Adjacent segregation model

m Let Q C RY be a connected, bounded domain with smooth boundary
and m be a fixed integer.
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Adjacent segregation model

m Let Q C RY be a connected, bounded domain with smooth boundary
and m be a fixed integer.

m The density of i-th component u;(x) : i =1,---, m with the internal
dynamic is prescribed by f;.

m The steady-states of m competing components in Q is given by

where o = 1, 2.
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Adjacent segregation model

m Let Q C RY be a connected, bounded domain with smooth boundary
and m be a fixed integer.

m The density of i-th component u;(x) : i =1,---, m with the internal
dynamic is prescribed by f;.

m The steady-states of m competing components in Q is given by

where o = 1, 2.

m The boundary values ¢; are non-negative and have disjoint supports
on the boundary, i.e,

¢i-9;=0 on 0.
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m With out loos of generality assume aj; = 1, fi(x, u;) = 0.
Theorem1[CTV]:
Let U° = (uf, ..., uj,) be a solution of system at fixed . Let ¢ — 0,
then there exists U € (H'(2))™ such that for all i = 1,..., m:
up to a subsequences, u¥ — u; strongly in H*(Q),
ui-up=0if i #jaein Q,
Au; =0 in the set {u; > 0}.
Let x belongs to interface such that m(x) = 2 then
lim Vui(y) = — lim Vu;(y).
y—x y—X
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The limiting solution belong to the following class:
S={U=(uv1, ,um) € (H} Q)" :u; >0,u;-uj =0 if i #j

ui = ¢;on 0, —Au; <0 ,—A(u; — Z UJ') > 0}.
J#i

The Limit of system in the case d =1, m = 2:

Auf:l
Aus=1
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The Limit of system in the case m = 2

Theorem 2[CTV]: Let W be harmonic with the boundary data ¢1 — ¢,.

Let uy = W, uy = —W, then the pair(uz, u2) is the limit configuration
of any sequences (uf, u5)

1/6

| uf = ui | < C(e)/® ase—0, i=1,2

Remark: The two-phases free boundary (talk of Rodrigues )
Au = X x(us0} — A X{u<0}

is spacial case with uy = uT, o = —u", A = T, L = \".
u=-W~—
u = VVJF/-'l
//
7~
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Segregation at distance

m The system has some similarity with previous model, however the
annihilation of the coefficient for u; at the point x is not wup(x) any
longer, but involves the values of uy in a full neighborhood of the
point x. Thus we need to prescribe u; and us in a neighborhood of Q.
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Segregation at distance

m The system has some similarity with previous model, however the
annihilation of the coefficient for u; at the point x is not wup(x) any
longer, but involves the values of uy in a full neighborhood of the
point x. Thus we need to prescribe u; and us in a neighborhood of Q.

m Denote (0Q)1 :={x € Q°: d(x,Q) <1}

m The solution of the first model can be used as initial guess in second
model.

///u(a?):’u (x)=0
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The Model of segregation at distance

The model is described by the following system

—Buf = —2up Y H(uE)(x)  in

ui(x) = ¢i(x) in (0Q)1, (1)
i=1---m.
where
HEE) = [ )y
Bi(x)
or
H(uj)(x) = sup uj(y).
y€Bi(x)
Assumptions: ¢;(x) for i = 1,---, m are non-negative C! functions such

that have disjoint supports in distance more than one

(supp ¢i(x))1 N (supp ¢;(x))1 = 0.
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Existence and Uniqueness

Lemma

For each € > 0, there exist a unique positive solution (u,--- , uS,) of

system in (1).

m Consider the harmonic extension u? fori=1,---,m given by
A =0 inQ,
{ u? = ¢; on 012, (2)

m Given uf‘ consider the solution of the following linear system

Aul{(—i_l 1 k+1 Zl;ﬁj ( )(X) in Qa
{ U1 () = i) on (0,
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Sketch of the Proof for Existence and Uniqueness

m The following inequalities hold:

u?zu,-z---ZU,?k>

- - i -

u?* — u¥  uniformly in Q

u?$ T y? uniformly in Q

m Next we show that

ur =uf
m Assume there exist another solution (wy, -+, wy) of (1), then
m We will prove that the following hold:

< wp < uPk) for k>0, (4)
which shows
u; = w;j.
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Basic Estimates

For simplicity assume m =2 :

—Auf(x) = —”ss(x) fBl(x) vi(y)dy inQ,
(x)

—Av(x) = L gy w(y)dy in (5)
u(x) = ¢(x) in (09)1,
v(x) = ¢(x) in (0Q)1.

Let (u®, v®) be a solution of system (5). There exist constant G, G
independent of € such that if (v, v¢) be a solution of system (5) then
= /o UE(fBI(X) vi(y) dy) dx < Ge,
m [, |V dx < G,
B [ |[VVEPdx < G,
m As ¢ tends to zero there exist subsequences {u%} and {v%} and
non-negative u, v such that

v = uoin W2 vES v in W2
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Qualitative Properties

Theorem (L. Caffarelli, S. Patrizi, and V. Quitalo)

Let u and v be the limiting solutions as ¢ tends to zero. Then
m u and v are locally Lipschitz continuous.

m The free boundaries 1 = 0{x € Q : u(x) > 0},
My = 9{x € Q: v(x) > 0}, have distance one from each other.

In 2-dimensions the free boundaries T1,T5 are C! curves.

The functions u and v are harmonic in their supports.
The Laplacians Au, Av, are jump measures along ['1, I,
Au=u,H" |, Av = v,H™ ! |, in B, in distributional sense.

Assume 0 € I'1, also let e» be exterior normal derivative at 0. We obtain a
corresponding point in [, which has distance one from 0.
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Qualitative Properties

Theorem (L. Caffarelli, S. Patrizi, and V. Quitalo)

m Let Dy = B,(0) N {x: d(x,T1) < h?} for a small fixed h. Let E, be
the image of Dy, through y = x + v(x) with x € Dy. Then,

Dy, E,
u,(0) _ x(0)
v(e2)  k(e)’

where k(x) : mean curvature.
m Let [ =T1NBu0), and T = {x +v(x) : x €}. Then as h— 0

we have
Jr1dA - (0)

frgldA k()
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Free Boundary Condition in dimension one

u. (x) = UEEX) sup  ve(y) in(—a,a),
y€(x—1,x+1)

v;/(x) = V‘Eéx) sup  u®(y) in(—a,a),
yE(x—1,x+1)

u(x) = 6(x) in(—a—1,-2)

v(x) = ¢(x) in (a,a+1).

We have
sup  ve(y) = ve(x+1)
ye(x—1,x+1)
1 1 1
Ve (X + 1) = M sup UE(Y) = Vg(X{_j_)Us(X)

€ ye(x,x+2)

This shows for every e

1"

(ue(x) — ve(x+1)) =0.
= (u(x) —v(x+1))" =0, and (v(x)—u(x—1)) =0.
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The free Boundary condition in dimension two
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Approximation for Model 1

For simplicity assume that n =1, m = 2. We use the facts u — v is
harmonic in Q,u-v =0, u,v > 0. Using finite difference

Uil —2ui+ Uiy Vigr —2vi + v
h2 h?

=0

Let T; = %, V= % Imposing the conditions

ui-vi =0,u; > 0 and v; > 0, we will obtain u; and v; by the following
formula

For i =2---n—-1
(k) (k) (k) (k)

k+1 u: o tu viatve - o
u,(Jr)——max ’“2’ L _ ’“2’ Lo ——max(u,’-‘—vf.‘,O)
(k) (k) (k) (k)
k+1 v 1tv u: i tu; = o
v,.(+)——max o= — =0 ——max(vf-‘—uf-‘,O)
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Iterative Method for second Model in dimension one

m Let n=1,Q = (—a,+a). The limiting v and v satisfy
(u(x) = v(x+1))" =0,
(v(x) — u(x —1))" = 0.

m Discretize Q by—a = xp,x1 = xo + h,---xy = +a be of Q = (—a, +a)
with L be such that L - h=1.

m Let W be harmonic with ¢ — ¢ as boundary data. Set
=Wt v0=w-.
m Update u; and v; by
u(k+1) () = max 7 v o

VD () = max (79 —ng) 0
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Iterative Method

u+v after 100 iteration
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Examples

m The Q = B,(0) \ Bs(0). The boundary values are

u=1 ondBs(0) v=1 ondBy(0),

Height usv.
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Examples

m The below figure is the case that 2 = B; and
$1(x) = ¢1(x) = |sin(30)|, ¢3(x) = |3sin(2©)| with the same process we
got the interfaces after 8 iteration.
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m we applied second method with Q = [0,
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Thank you, Questions?
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