sl web algebras and categorified Howe

duality

Marco Mackaay
(joint with Pan-Tubbenhauer and Yonezawa)

CAMGSD and University of the Algarve, Portugal

September 3, 2013

Marco Mackaay (joint with Pan-Tubbenhauer and Yonezawa) 5[y Web algebras and categorified Howe duality



Main question

What is the relation between the three combinatorial
approaches to categorification in type A?

Khovanov-Lauda Khovanov-Rozansky
? ?

Webster
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Part of the answer

Categorified skew Howe duality!

Toda
Khovanov-Lauda Y

Khovanov-Rozansky
? ?

Webster
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The general and special linear quantum groups

) Ugy(gl,) is generated by Ki',... K£!, Eyy, ..., Eyyy),
subjectto (a; = ¢, — €;41 = (0,...,1,—1,...,0) € Z"~1):
KK; =K;K;, KK '=K'K =1
KK} — K 'K,
EiE_; — E_jE; = §; j— 1 — =
q—4q
KEyj= qi(ﬁi,aj)Eini
+ some extra relations we won’t need today

i) Ug(sl,) € Uy(gl,) is generated by K, K, and E.;.
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Idempotented quantum groups

Definition (Beilinson-Lusztig-MacPherson)
For each A € 7", adjoin an idempotent 1, and add the relations

1>\1M = 5>\?I,1)\
Eiily =110, Exi
Kily = M1y,

Define

A WEZL™

o

Define Uq(grn) similarly by adjoining idempotents 1,, to Ug(sl,,)
for u € 771
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sy webs

Definition (Cautis-Kamnitzer-Morrison)

The objects of Sp(SLy) are finite sequences k of elements in
{0%, ..., (V).

—

Hom(kz,l ) is generated by:

VN R 7T

with all labels between 0 and N.
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Modulo:
N—a N—a
= (_1)‘1(]\/*”’)
a a
b+a
a+b
b a - a b+a
q
b+a
a
. {N - a}
b b+a - b a
q
a
+ rels by reflections and/or arrow reversals;

Marco Mackaay (joint with Pan-Tubbenhauer and Yonezawa) 5[y Web algebras and categorified Howe duality



Definition (Cautis-Kamnitzer-Morrison)

a+b+c a+b+c
a+b = b+c
a b @ a b C
a—s—t b+s+t a—s—t b+s+t
t
| >— | bts — s+t s+t
a—s b t p
a ° b a b
a—s+t b+s—t a—s+t b+s—t
— _ a—b+t—s >
a—s b+s - Zr r a+t—r b+r—t
/’3/ 1 t—r
a b a b
+ rels by reflections and/or arrow reversals.
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g-skew Howe duality

let N,m,d > 0 be arbitrary integers.

Definition (N-bounded gl,,,-weights)
Let
Am,d)y :={ke€{0,....NY™ | k1 + -+ km = d}.
Define
¢m,d,N: Zm_l — A(m, d)N U {*}
by .
GmdNA) =k if
k; — l{ti+1 =\ and Zkz =d.
=1
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Proposition (Cautis-Kamnitzer-Morrison)

Ym,d,N : Uq(ﬁ[m) = Sp(SLN)

is a well-defined full functor: (assume ¢, n()) = £)

1,
km| km— ko| k1

E+i1/\ — ki1 —1 1 ki+1
DR /
km|  Kit2 ki1 ki ki1 | k1
Bl o
\
km|  Kiy2 kit ki ki1 | k1
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Divided powers

Recall

()
E+i

E\W1,

E%1,

= B/l

=

Fm|

—

k|

and E

kit1—

kit2 kit1

kit1+d]

kit2 ki1

EZ;/a]!

k1

k1
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a—s—t b+s+t a—s—t b+s+t
t bis _ s+t s+t
a—s t
A q
a b a b
(s) (1) s+t (s+t)
BB L) - ¢ Ey
q
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a—s—t b+s+t a—s—t b+s+t
i
b+s — |:S + t:| s+t
a—s t
A q
a b a b
(s) (1) o s+t (s+t)
BB L) - ¢ Ey
q
a—s—+t b+s—t a—s—+t b+s—t
t S—T
a—b+t—s
a—s b+s - Zq» |: r :| a+t—r b+r—t
S 1 t—r
a b a b
(s) (¢) . a—b+t—s (t—7) (s—7)
EE” 1(b,a) = >, ., EY EY
q
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A special case

Suppose d = m = N{ and A = Nwy. Note that

(ybm,m,N(A) - (Né) € A(m, m)N.

Definition (M.M-Yonezawa)

Define the Uq(s[m)-web module with highest weight A by

W= @ W(kN),
EEA(m,m)N

where W(E, N) is the web space defined by

W (k, N) := Hom((N°), k).

in Sp(SL(N)).

-
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The web module is irreducible
Definition (M.M.-Yonezawa)

Define the ¢-sesquilinear web form by

(u,v) := ¢*Pev(u*v) € C(q) (1)

for any two monomial webs u, v € W (k, N), with

d(k) =1/2(N(N —1)¢ — i ki(ki — 1)).
=1
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The web module is irreducible
Definition (M.M.-Yonezawa)

Define the ¢-sesquilinear web form by

(u,v) := ¢*Pev(u*v) € C(q) (1)

for any two monomial webs u,v € W (k, N), with

m

d(k) = 1/2(N(N = 1)¢ = ) ki(k; — 1)).
=1

Corollary (M.M-Yonezawa)

W, is an irreducible U, (sl,,)-representation with highest weight
A. The ¢-sesquilinear web form is equal to the ¢g-Schapovalov
form.
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And now the categorification...
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Matrix factorizations

Let R = C[X] = C[X}, ..., Xi] and suppose deg(X;) € 2N.

Definition
A graded matrix factorization with homogeneous potential
P € Ris a 2-chain of free graded R-modules

dry dar

Mo —— My —= My ,

with |
deg(dus,) = deg(dary) = 5 deg(P)

and

dMldMOZPIdMO and dModM1:PIdM1-

The homotopy category of matrix factorizations with potential
P, denoted HMF (P), is Krull-Schmidt.
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Matrix factorizations

Let R=C[X], R =C[Y], Q =C[XUY]and S = C[XNY].

Definition

For M € HMF(P) and N € HMF g (P'), we define

J\Ygﬁ € HMFq(P + P').
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Matrix factorizations
Let R=C[X], R =C[Y], Q =C[XUY]and S = C[XNY].

For M € HMF(P) and N € HMF g (P'), we define

J\Ygﬁ € HMFq(P + P').

Given N = (Ny, MV, dny,dn,) € HMFR(P), one can define its
dual by

j\\f' = (Nngik7_d}k\717d*No) € HMFR(_P)v

where N* = HOMpg(N, R).
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We define the structure of a 2-complex on HOMR(M\, N) by

Definition

~ o~ d, ~ o~ d ~ o~
HOM%(M, N) —= HOML (M, N) —= HOM% (M, N),
where

HOMY% (M, N) = HOMg (Mo, No) ® HOMg(M;, Ny),
HOME (M, N) = HOMg(My, N1) @ HOMpg(My, Ny),

and

di(f) =dy f+(-1)'fdy (i=0,1).
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The cohomology of this complex is denoted by
EXT(M, N) = EXT(M, N) @ EXT!(M, N).

By definition, we have the following proposition.

Proposition

We have
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The cohomology of this complex is denoted by
EXT(M, N) = EXT(M, N) @ EXT!(M, N).
By definition, we have the following proposition.

Proposition
We have

) ~ HOMpuwr(M, N),

Lemma

If M is finite, we have an isomorphism

—

EXT(M,N) = H(M, X N)

which preserves the g-degree.
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Examples

Koszul matrix factorizations

Let p,q € R be homogeneous. We define

K(p;q) == R—=R ——R

with R := R{L(deg(q) — deg(p) )}-
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Examples

Koszul matrix factorizations
Let p,q € R be homogeneous. We define

K(p;q) == R——>R ——=R
with R := R{%(deg(q) — deg(p) )}
More generally, for p = (p1,p2,.--,2r), 9 = (q1, G2, .-, qr) € R™
we define

K(pia) = i1 K(pi;a)r-
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MFs due to Khovanov-Rozansky, Wu, Yonezawa

To each monomial web u € Sp(k, k') we can associate a matrix
factorization .

Example (Khovanov-Rozansky)

Define f(z + y, zy) := 2V + 4V *1 Then

T = K((p1,p2); (&1 + 22 — &3 — 24, 1139 — 2324)) {1}
f(z1 + 22, x122) — f(23 + T4, T122)
Tl + a2 — T3 — 24
f(x3 + x4, x122) — f(x3 + T4, 374)

T1To — T3T4

1 1

r::l

P =

p2 =

1

~
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MFs due to Khovanov-Rozansky, Wu, Yonezawa

We have

EXT(a,9) 2 H(te X 9) = H(uwv){d(k)}(1)

Rk

for any u,v € W (k, N).
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MFs due to Khovanov-Rozansky, Wu, Yonezawa

We have

for any u,v € W (k, N).

Theorem (Khovanov-Rozansky, Wu, Yonezawa)

The matrix factorizations associated to webs satisfy all web
relations up to homotopy equivalence. These equivalences are
all g-degree preserving, but might involve homological degree
shifts.
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Categorified quantum sl,,, and 2-representations

Definition (Khovanov-Lauda’s U (sl,,))

A %)\:(‘:Jﬂ‘l)\ — g+i1)\{az‘i} i $>\Z€+il,\ — S,,-l,\{a,-i}
%

7

i 7
U 1) — $(7i1+i)1A{)\j + 1} U 1y — g(+i.,—i)lz\{_)‘i aF 1}
A A
A A
m :S(fi,+i)1/\ — 1/\{)\1‘ =F 1} m :g(+i,7i)lk — 1A{_)\i aF 1}
A+i/+l>< A iy = Eprrna{—au}

i 1

Afi/*l>< 2 :5(,1-’71)1)\ — 5(,1.71')1)\{7&1‘1}

i 1

modulo relations.
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Theorem (Khovanov-Lauda)
The linear map

U, (sly) = K{U(sly))

defined by
ntil)\ — gilk{t}

is an isomorphism of algebras.
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Cyclotomic KLR algebras and 2-representations

Let A be a dominant sl,,,-weight and P, the set of weights in V.

Definition (The cyclotomic Khovanov-Lauda-Rouquier algebra)
R, is the quotient of g (sl,,,)~ modulo the ideal generated by

1] 2 it

Note that
Ry = @ Ra(w),

HEP)

where R () is the subalgebra generated by all diagrams
whose left-most region is labeled p.
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The categorification theorem

Brundan and Kleshchev proved that R, is finite-dimensional.
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The categorification theorem

Brundan and Kleshchev proved that R, is finite-dimensional.

Define
VP = Ry — pmod,,.

Theorem (Brundan-Kleshchev)

The 2-category V¥ is an additive strong 2-representation of sl,,
such that
Vi = Kg(Vi)

as U,(sl,,)-modules.
Moreover, this isomorphism maps intertwines the ¢-Shapovalov
form and the Euler form.
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Rouquier’s universality theorem

Suppose Cp := P, p, C(1) is a graded and Krull-Schmidt
additive category.

Proposition (Rouquier)
Suppose that
@ C, is a strong 2-representation of sl,,, by C-linear functors;

@ There exists an indecomposable object V' (A) € C(A) such
that £,V (A) =0, for all 4, and End(V'(A)) = C;

@ any object in C, is a direct summand of XV (A), for some
1-morphism X € Ug(sly,).

Then there exists an equivalence

VX—>CA

of additive strong sl,,, 2-representations.

>
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Theorem (M.M.-Yonezawa)

There exists a well-defined linear 2-functor

TN : U(shy)* — HME?, ;.

Marco Mackaay (j with Pan-Tubbenhauer and Yonezawa) 5[y Web algebras and categorified Howe duality



rphism

—
1, =
k| km— k2| ki
—
kiy1—1] z
Eily, = i1 /1’ ki+1
km|  Kit2 kit1 ki kic1 | k1
—
k, i -
E,il)\ — ir1t . ki—1
“ o o “ o
km| Kit2 kit1 ki ki-1 | k1
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)\+i’+l>< A

i 1

Marco Mackaay

ki1 k;

kit k;

‘Yonezawa)

ki1 ki k ki

i1
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Letm =d= N¢and A = Nw,. Recall

a o )
E-(H)1>\ — kit1 a ki+a
km|  kit2 kit1 ki ki—1 | k1
E(:Li)l/\ — kit1+d] “ ki—a
km| Kit2 kit1 ki ki—1 | k1

Definition
We call these webs N-ladders with m uprights.
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The web category

Definition (The web category W°(k, N))

Objects: formal direct sums of N-ladders with m uprights in
W(k,N).
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The web category

Definition (The web category W°(k, N))

Objects: formal direct sums of N-ladders with m uprights in
W(k,N).

Morphisms: Hom(u{t},v) := Ext(a{t},v).
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The web category

Definition (The web category W°(k, N))

Objects: formal direct sums of N-ladders with m uprights in
W(k,N).

Morphisms: Hom(u{t},v) := Ext(a{t},v).
Let W°(k, N) be the Karoubi envelope.
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The web category

Definition (M.M.-Yonezawa)

Define

EeA(m,m) N
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The web category

Definition (M.M.-Yonezawa)

Define

EeA(m,m) N

Theorem (M.M-Yonezawa)

T.he 2-functor I'y,, ,,, ; induces a strong sl,,, 2-representation on
W3R, which is equivalent to V.
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The categorification proposition

Definition (M.M.-Yonezawa)

Define the linear map

Yy Wk N) = K§OV° (K, N))

by
u > [u)

for any N-ladder with m-uprights u € W (k, N).
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The categorification proposition

Define the linear map

Yy Wk N) = K§OV° (K, N))

by
u > [u)

for any N-ladder with m-uprights u € W(k N).
Proposition (M.M.-Yonezawa)
The map ¢y , is an isomorphism.

Moreover, it intertwines the ¢-sesquilinear web form and the
Euler form.
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The case N = 3 (joint with Pan and Tubbenhauer)

Consider formal C-linear combinations of isotopy classes of
singular cobordisms, e.g. the zip and unzip:

sl
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The case N = 3 (joint with Pan and Tubbenhauer)

Consider formal C-linear combinations of isotopy classes of
singular cobordisms, e.g. the zip and unzip:

a=l=

We also allow dots, which cannot cross singular arcs.
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The case N = 3 (joint with Pan and Tubbenhauer)

Consider formal C-linear combinations of isotopy classes of
singular cobordisms, e.g. the zip and unzip:

a=l=

We also allow dots, which cannot cross singular arcs.

Mod out by the ideal generated by ¢ = (3D, NC, S,©) and the
closure relation:
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Khovanov's local relations: ¢ = (3D, NC, S, 0)

[] =0 @

ERNCINS o
::0, :—1 (4)

af- 1 (a,8,7) =(1,2,0) or a cyclic permutation

YB‘ =< -1 (a,8,7) =(2,1,0) or a cyclic permutation

0 else

()

The relations in ¢ suffice to evaluate any closed foam!
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The category of foams

Definition
Let Foams be the graded category of webs and foams.

The ¢-grading of a foam U is defined as

q(U) :=x(0U) —2x(U) +2d +b.
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The category of foams

Let Foams be the graded category of webs and foams.

The ¢-grading of a foam U is defined as

q(U) := x(0U) —2x(U) + 2d + b.

Theorem (M.M.-Vaz)

There exists a fully faithful functor
Foams — HMFs3.
In particular, we have

Foamg(u,v) = Ext(4, 0).

for any two monomial slz webs u, v.
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The s, 2-representation, e.g.

Warning: facets labeled 0 or 3 have to be removed.

kito ki ki
5[y Web algebras and categorified Howe duality

with Pan-Tubbenhauer and Yonezawa)
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A good question

How to define sl foams in general? J
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A good question

How to define sl foams in general? J

So far M.M, StoSi¢ and Vaz only did the special case of
sl-foams with facets colored 1,2 and 3.
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The End

THANKS!!!
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