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Exercise 1. Let n be a positive integer. Show that all non-degenerate anti-
symmetric forms on n-dimensional vector spaces are equivalent over R; i.e. if
(V1, β1) and (V2, β2) are two such then there is a linear isomorphism ϕ : V →W
such that

β2(ϕ(v), ϕ(w)) = β1(v, w) v, w ∈ V1.

Exercise 2. The Lie derivative Lxβ is 0 everywhere if and only φ∗tβ = β for
all t ∈ R.

Exercise 3. Let x : U → Rn be a coordinate chart on a n-dimensional smooth
manifold and consider the induced map

(x, v) : TU → Rn × Rn(
p, vi

(
∂

∂xi

)
p

)
7→
(
x1(p), · · · , xn(p), v1, . . . , vn

)
.

Let X be the vector field on U given by X = ai(x) ∂
∂xi . In the coordinate

chart given by (x, v) the derivative of X is given by

X ′ = ai(x)
∂

∂xi
+ vi

∂aj
∂xi

∂

∂vj
.

Exercise 4. Let M be a smooth manifold and L : TM → R be a smooth
function. For the function EL : M → R and 1-form ωL on TM such that in
local coordinates (x, v) we have

EL = vi
∂L

∂vi
− L

ωl =
∂L

∂vi
dxi.

Check that
γ̈(t)xdωL = −(dEL)γ̇(t)

expands in local coordinates to the Euler-Lagrange equations for γ : [a, b] → M
to be L-critical.
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